To observe CP-violating asymmetries through the interference of a weaker amplitude with a stronger one in B 0 → D ( * ) π and B 0 → D ( * ) π decays, one must collect enough events that the intensity associated with the weaker amplitude would be statistically significant. We show that provided the weaker amplitude is measured separately in B ± → D ( * )± π 0 decays, the time-integrated approach requires around 2.5 · 10 8 BB pairs for measurements of the weak phase sin(2β + γ) with an uncertainty of 0.05 or better. We also determine the optimal conditions for precise 2β +γ measurements and discuss the possibilities for resolving a discrete ambiguity. 
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I Introduction
The phases of elements of the Cabibbo-Kobayashi-Maskawa (CKM) matrix describing the weak charge-changing interactions of quarks are of fundamental importance. Together with magnitudes of the matrix elements and masses of the six quarks (u, c, t) and (d, s, b), these phases must be explained by any theory which extends our knowledge beyond the Standard Model (SM) of electroweak and strong interactions.
Indirect information on CKM phases [1, 2] is now being supplemented by measurements of CP-violating asymmetries in B decays [3, 4, 5] which provide direct phase measurements. The weak phase β ≡ Arg(−V * cb V cd /V * tb V td ) is determined by measurements of the rate asymmetry in decays such as B 0 → J/ψK S , while α ≡ Arg(−V * tb V td /V * ub V ud ) will be determined by measurements in decays such as B → ππ and B → ρπ. Information on all charge modes will be needed to separate contributing amplitudes from one another [6] .
Information on γ ≡ Arg(−V * ub V ud /V * cb V cd ) is more difficult to obtain. The decays
where D CP is a CP eigenstate, permit one to perform a triangle construction to extract the weak phase γ [7] . The interference of the Cabibbo-favored decay D 0 → K − π + and the doubly-Cabibbosuppressed decay D 0 → K + π − introduces an important subtlety in this method [8] . Numerous determinations of γ using nonstrange and strange B decays to ππ and Kπ are subject to questions associated with SU(3) flavor violation, electroweak penguin contributions, and rescattering [2] .
The for the charged pion.) These methods typically require measuring either a very small rate asymmetry (for the Cabibbo-favored modes) or a very small rate (for the Cabibbo-suppressed modes). It was therefore suggested recently [13] that one instead measure 2β + γ via the interference of a small amplitude with a larger one in decays of the form B → V 1 V 2 , where, for example, V 1 = D * and V 2 = ρ. The interference is to be detected through characteristic angular distributions in decay products of the vector mesons, and through time-dependent measurements. Refs. [12] and [14] contain some useful results regarding these distributions.
In the present paper we analyze the possibilities of precise measurements of 2β + γ for the simplest case of B → D ( * ) π decays. We find the optimal conditions for measuring 2β + γ. We also estimate the number of BB pairs needed for such measurements that will reduce the allowed range of 2β + γ values to the currently achieved indirect bounds coming from measurements of other CKM parameters.
A general feature of CP-violating asymmetries detected through the interference of a weaker amplitude with a stronger one is that one must be able to detect processes at the level of the absolute square of the weaker amplitude [15] . We find that this situation holds for B → D ( * ) π decays. One still has to be able to collect enough events such that the absolute square of the Cabibbo-suppressed amplitude would be detectable with good statistical significance. This translates to the need for several times 10 8 produced BB pairs. (Ref. [13] cites a figure of 10 8 pairs for a useful measurement of sin(2β + γ) using B → V 1 V 2 decays.) In fact, our best determination makes use of a direct measurement of the weaker amplitude through a factorization relation between
For both pseudoscalar and vector D mesons in the final state, we employ different models to anticipate the size of the weaker amplitude. However, direct measurements of the rates for B + → D + π 0 and B + → D * + π 0 will eventually give us these amplitudes directly. In Section II we introduce our notation and predictions for decay rates of neutral B mesons in the framework of the time-integrated approach. We shall quote results for B → D * π decays because of advantages in D * detection, recognizing that many are also valid for B → Dπ. Decay rates as functions of a minimum vertex separation (expressed in terms of proper time) are of particular interest to us in Section III as we try to find the optimal conditions for measuring the weak phase 2β + γ with high precision. In Section IV we circumvent the problem of measuring the small weakerto-stronger amplitude ratio R by making a foray into charged B meson decays, using the process
Estimates of the minimum number of BB pairs required for precise measurements of 2β + γ are obtained in Section V. These are convoluted with a finite time-resolution function and realistic mistagging probabilities in Section VI. In Section VII we discuss a possibility of partial resolution of an 8-fold discrete ambiguity by separating 2β + γ and the strong phase δ between Cabibbo-allowed and Cabibbo-suppressed modes. We summarize our results in Section VIII.
II Notation and predictions
The "right-sign" decays B 0 → D 
it follows that
where the weak phases φ i change sign under CP conjugation, while the strong phases δ i do not. The amplitudes are in the ratio
where λ ≃ 0.22, ρ, and η are parameters [16] which describe CKM matrix elements, and r = O(1) describes a ratio of decay constants and form factors. The weak phase difference is
We write the time-dependent decay amplitudes in terms of the functions [9] 
where m = (m L + m H )/2 is the average of the two mass eigenvalues, ∆m = m H − m L is their difference, Γ = (Γ 1 + Γ 2 )/2 is the average decay rate of the eigenstates, and
If B 0 -B 0 mixing is described primarily by standard model loop contributions dominated by intermediate tt pairs, we have q/p = e −2iβ , and
where δ ≡ δ 2 − δ 1 . Retracing the above steps for the "wrong-sign"decays
Let us now consider the production of a B 0 B 0 pair in
that the pair is in a state Ψ − of negative charge-conjugation eigenvalue. Assume that we "tag" the initial production of a B 0 (p) with a B 0 (−p), and the initial production of a B 0 (p) with a B 0 (−p). Then if we define the proper decay time of the state f with center-of-mass directionp as t f , that of the tagging state with direction −p as t t , and t
One can express the time-integrated decay rates as
where
are even and odd functions of t ′ , respectively.
Now we introduce notation for measurable decay numbers. The number of
while those with t ′ < 0 is
Here the superscript "r" denotes right-sign decays. The corresponding expressions N w + for the wrong-sign (superscript "w") decays
Similar expressions for B 0 decays are
Note that the following 4 linear relations among the 8 decay numbers
limit the number of independent quantities to 4. In principle, that allows one to forgo measurements of B 0 decay numbers. However, that method would lead to larger uncertainties in determination of 2β + γ and we shall not use it. We shall investigate the dependence of the time-integrated rates on a minimum vertex separation t 0 . The aim of the calculation is to find the optimal conditions for measuring sin(2β + γ). Fig. 1 shows that indirect bounds on that weak phase coming from measurements of other CKM parameters [2, 18] limit the expected value of sin(2β + γ) to the region between 0.89 and 1. To get in the same ballpark with the indirect bounds we will calculate the number of BB pairs required to determine sin(2β + γ) with an uncertainty of 0.05. This is the main goal of the paper.
III Decays with vertex separation greater than t 0
If one only takes into account decays with vertex separation greater than t 0 , Eqs. (16) (17) (18) (19) (20) become 
There are several ways to combine these decay numbers together into algebraic sums. Some of the resulting combinations may include one of the following expressions:
and
with
We have suppressed (t 0 ) after the decay numbers in the last four formulae. It has been noted in [11, 13] that R is too small to be determined by this method. Indeed, calculations show that the smallest uncertainty in R is achieved at t 0 = 0 and is equal to
with ǫ being the tagging efficiency. We take ǫ to be 0.684±0.007 [4] . B r , the branching ratio of the "right-sign" decays B 0 → D * − π + , equals (2.76 ± 0.21) × 10 −3 [19] . One r (D * π) r (Dπ) Light Front Model [22] 0.81 0.72 BSW II Model [23] 1.33 1.11 NS Model [24] 0.88 0.72 LCSR Model [25] 1.01 0.87 MS Model [26] 0.92 0.82 Table I : The ratio r evaluated in various models. 
IV Ratio of amplitudes
The main reason one cannot get R directly from the ratio of B 0 → D ( * )+ π − and B 0 → D ( * )− π + decay rates is that the large B 0 → B 0 mixing amplitude in the former overwhelms the smaller direct tree contribution. One can circumvent this obstacle by considering decays of charged B mesons, e.g. B ± → D ( * )± π 0 , as suggested in [11] . The tree amplitude is dominant in these decays and is proportional to A 2 2 /2. Thus, the ratio of B ± → D ( * )± π 0 and B 0 → D ( * )− π + decay rates can be used to provide a simple way to estimate R.
The B + → D ( * )+ π 0 decay rate can be estimated by assuming factorization:
Using the standard parameterization [21] , one obtains the ratio r defined in Eq. (3):
In Table I , we give the values of r forB 0 → D ( * ) π decays in several models. In all cases, the models predict that r is close to unity, i.e. R ∼ 0.02.
The error on R can be estimated using the method described in the beginning of this Section. Suppose that the number of detected B + → D ( * )+ π 0 decays is N 2 out of N tagged B + 's, while the number of detected B 0 → D ( * )− π + decays is N 1 out of the same number N of tagged B 0 's. Then, assuming equal charged and neutral B production, the value
has an uncertainty 
For 10 8 produced BB pairs σ(R) = 0.17 · 10 −2 , i.e. less than 10% of its value. Thus, measurements of B + → D ( * )+ π 0 decay rates provide the ratio of amplitudes with a high precision. This information may be used in the time-integrated approach discussed in the previous Section. Now we can go a step further and estimate the uncertainty in determination of sin(2β + γ) cos δ and cos(2β + γ) sin δ.
In the following analysis, we will take r = 1 (corresponding to R ≃ 0.02) and use Eq. (42) to estimate the error on the ratio R.
V Uncertainties in sin(2β +γ) cos δ and cos(2β +γ) sin δ with perfect time resolution and no mistagging
The uncertainties in the ratios f 2 and f 3 [see Eqs. (34) and (35)] are
Eqs. (28) and (29) allow an estimate of the values of f 2 and
(42) provides the error in R, we can calculate the uncertainties in SC and CS:
(45) Finally, one can calculate the number of BB pairs needed to get any particular precision σ 0 (SC): or σ 0 (CS):
As seen from the figure, these two quantities have the same minimum location because they only differ by a constant independent of t 0 . Here we have assumed that f 3 (t 0 ) is proportional to cos(2β + γ) sin δ, which is expected to be small, and that SC is close to 1. However, the neglected SC and CS dependence can be readily put back if necessary, and one finds that the position of the minima would remain the same, independent of the values of SC and CS, for both curves. Fig. 2 shows the N B dependence on t 0 according to the above two equations. The curves were calculated under the assumption that one needs to get σ 0 = 0.1. We found out that this precision level is sufficient to determine sin(2β + γ) with an uncertainty of 0.05 (Section VII). The optimal conditions for both measurements are achieved if one only takes into account decays with vertex separation greater than ∼ 0.45/Γ. That one needs fewer BB pairs to reach the same precision for cos(2β + γ) sin δ as indicated in Fig. 2 reflects our previous assumption of small cos(2β + γ) sin δ. Thus, the minimum uncertainties one can obtain if N B BB pairs are available are
Now we shall check how these formulae change if we take into account finite time resolution and realistic mistagging probabilities.
VI Finite time resolution; mistagging
Measurements of the decay numbers are smeared by finite resolution of vertex separation. For simplicity we shall assume a single Gaussian resolution function. The observed decay numbers are given by Eqs. (23)− (26) convoluted with the resolution function
For example,
and similar convoluted relations for N 
Similarly, one obtains
In the above equations, Φ(x) ≡ (2/ √ π)
x 0 e −z 2 dz is the error function and
The last two integrals have been numerically evaluated for different values of t 0 in the range from 0 to 1.5/Γ. Now SC and CS can be rewritten in terms of the ratios f 2 and f 3 as
Next, we will take into account the mistagging factor. Mistagging refers to the cases where a decay (B 0 → tag, B 0 → D * − π + ) was incorrectly identified as (B 0 → tag,
, and vice versa. Thus, one sees that decays labelled as B 0 → D * − π + ("right-sign" decays) actually contain some B 0 → D * − π + ("wrong-sign" decays) events. As a result, experimental measurements only provide decay numbers smeared by the mistagging effect. For instance, the numbers of apparent right-sign events are
where w is the mistagging probability. For the BaBar detector the tagging efficiency is ǫ = ǫ i = 0.684 ± 0.007 while the effective tagging efficiency is Q = ǫ i (1 − 2w i ) 2 = 0.261 ± 0.012 [4] . For our purposes we will simplify calculations by assuming the single tagging option with ǫ = 0.684 and Q = ǫ(1 − 2w) 2 = 0.261. Thus, the effective mistagging probability is w = 0.191.
Note that the sum of all smeared decay numbers is still equal to N, the sum of all physical decay numbers. One can show that the ratios f 
Assuming that experimental uncertainties are σ[N 
The uncertainties in SC and CS measurements are
We assumed a small CS in deriving the second equation. Finally, one can calculate the number of BB pairs needed to get any particular precision σ 0 (SC): or σ 0 (CS):
As in the previous Section, the position of the minima is the same for both curves and is independent of the values of SC and CS. Fig. 3 shows the N B dependence on t 0 . The curves were calculated under the assumption that one needs to get σ 0 = 0. 
If BaBar is able to improve its performance to the level quoted in [27] , i.e. σ(∆z) = 110 µm, ǫ = 0.767 and Q = 0.279, then the required minimum number of BB pairs reduces by a factor of ∼ 1.4 for both SC and CS measurements. Besides, the position of the minima is shifted to a slightly larger value (t 0 ∼ 0.53/Γ) of vertex separation. 
VIII Conclusions
This paper has explored the optimal conditions for measurements of weak phase angle 2β + γ and strong phase δ between Cabibbo-allowed and doubly-Cabibbo-suppressed amplitudes in B → D ( * ) π decays. We have found that in the time-integrated approach it is advantageous to only consider events with vertex separation greater than t 0 which is equal to 0.44/Γ for the BaBar detection parameters. The loss in statistics is outweighed by an increase in the integrated asymmetry. Fig. 3 shows that production of approximately 5·10 8 BB pairs is needed to reduce the uncertainty in determination of sin(2β + γ) cos δ to 0.1 in B → D * π decays. A smaller error on cos(2β +γ) sin δ will be achieved at the same time if its value is small. B → Dπ decays have the advantage of a slightly higher branching ratio but a setback in D meson detection. The combination of both types of decays might reduce the number of needed BB pairs to 2.5 · 10 8 , an amount within the reach of both BaBar and BELLE in the next few years. A time-dependent analysis [17] does not lead to any improvement with respect to this figure.
If the strong phase δ is not very close to 0 or π, the ambiguity between sin(2β + γ) and cos δ can be resolved. This method allows sin(2β + γ) to be determined with a precision of 0.05 or better.
